Abstract. We prove that the Milnor ring of any (one-dimensional) local or global field K modulo a prime number l is a Koszul algebra over Z/l. Under mild assumptions that are only needed in the case l = 2, we also prove various module Koszulity properties of this algebra. This provides evidence in support of Koszulity conjectures for arbitrary fields that were proposed in our previous papers. The proofs are based on the Class Field Theory and computations with quadratic commutative Gröbner bases (commutative PBW-bases).
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1. Preliminaries on PBW-Bases 1.1. Well-ordered sets and filtrations. Let k be a field, V be a k-vector space, and I = {α} be a well-ordered set. An increasing filtration F on V with values in I is a family of subspaces F α V ⊂ V , α ∈ I, such that F α V ⊂ F β V for α < β and V = α∈I F α V . The associated quotient space gr F V = α gr F α V is the I-graded vector space with the components gr
• be a complex of I-filtered vector spaces (with the differentials preserving the filtrations). Then one has H 0 (C • ) = 0 provided that H 0 (gr
Proof. Straightforward induction on the well-ordering.
Graded ordered semigroups.
A graded ordered semigroup [7] Γ is a collection of well-ordered sets Γ n , n ∈ Z 0 , endowed with associative multiplication maps Γ n × Γ m −→ Γ n+m strictly compatible with the orderings, i. e., α < β implies αγ < βγ and γα < γβ for all α, β ∈ Γ n and γ ∈ Γ m . In addition, we assume that the only element of Γ 0 is the unit of the semigroup Γ. Let U be a Γ n -filtered vector space and V be a Γ m -filtered vector space over k; we will denote both filtrations by F . Define a Γ n+m -valued filtration on the tensor product U ⊗ k V by the rule
where α ∈ Γ n , β ∈ Γ m , and γ ∈ Γ n+m . Similarly, if U = α∈Γn U α and V = β∈Γm V β are a Γ n -and Γ m -graded vector spaces, then the tensor product U ⊗ k V is a Γ n+m -graded vector space with the components
Lemma. There is a natural isomorphism of Γ n+m -graded vector spaces
Proof. To define a natural map gr Γn U ⊗ k gr Γm V −→ gr Γ n+m (U ⊗ k V ), choose for any classesū ∈ gr F α U andv ∈ gr F β V their representatives u ∈ F α U and v ∈ F β V , and assign the class u ⊗ v ∈ gr F αβ (U ⊗ k V ) of the element u⊗v ∈ F αβ (U ⊗ k V ) to the tensor productū ⊗v ∈ gr F α U ⊗ k gr F β V . Checking that this is a well-defined isomorphism is easy.
Filtered algebras and modules. Let A =
∞ n=0 A n be a graded k-algebra with A 0 = k and Γ be a graded ordered semigroup. A Γ-valued filtration on A is a family of filtrations F with values in Γ n on the grading components A n of the algebra A such that the multiplication maps A n ⊗ k A m −→ A n+m are compatible with the Γ n+m -valued filtrations. By Lemma 1.2, the associated graded quotient vector space gr F A = n gr F A n has a natural structure of a graded k-algebra. Let M = ∞ n=1 M n be a graded left module over A. A Γ-valued filtration on M compatible with the given Γ-valued filtration on A is a family of filtrations F with values in Γ n on the grading components M n of the module M such that the multiplication maps A n ⊗ k M m −→ M n+m are compatible with the Γ n+m -valued filtrations. The associated graded quotient vector space gr F M = n gr F M n has a natural structure of a graded left module over gr F A. Recall the definitions of the homology of graded algebras and modules from [8,
Here the second grading j comes from the grading of A and M; the grading i is the homological grading and the grading j is called the internal grading.
When A and M are endowed with Γ-valued filtrations, the bar-complexes computing H * (A) and H * (A, M) acquire the induced filtrations. The components of the barcomplexes of the internal grading n are filtered with values in Γ n . By Lemma 1.2, the associated quotient complexes of these bar-complexes with respect to these filtrations are the bar-complexes computing H * (gr F A) and H * (gr F A, gr F M). By Lemma 1.1, it follows that H i,j (A) = 0 provided that H i,j (gr F A) = 0, and
1.4. PBW-Theorem. Recall the notation qA for the quadratic part of a graded algebra A and the notation q A M for the quadratic part of a graded A-module M, so q A M is a quadratic module over a quadratic algebra qA [8, Subsection 3.1] . We will use a convention for graded modules slightly different from that in [8] : quadratic modules M are generated by M 1 with relations in degree 2. The definition of a Koszul module from [8, Subsection 3.3] is modified accordingly: a positively graded module M over a Koszul algebra A is called Koszul if H i,j (A, M) = 0 for i = j − 1. As it was explained in 1.3, the algebra A is quadratic or Koszul whenever the algebra gr F A is, and the A-module M is quadratic or Koszul whenever the gr F A-module gr F M is. The following theorem is a more delicate result in this direction. It is a generalization of the quadratic case of the Diamond Lemma for Gröbner bases [2] .
Theorem. Let A be a Γ-filtered graded algebra and M be a Γ-filtered graded A-module. Then
(1) if the algebra A is quadratic, the algebra gr F A is generated in degree 1, the algebra q gr F A is Koszul, and the natural map q gr F A −→ gr F A is an isomorphism in the degree n = 3, then the algebras gr F A and A are Koszul; (2) if the algebra gr F A is Koszul, the A-module M is quadratic, the gr F A-module gr F M is generated in degree 1, the gr F A-module q gr F A gr F M is Koszul, and 5 the natural map q gr F A gr F M −→ gr F M is an isomorphism in the degree n = 3, then the gr F A-module gr F M and the A-module M are Koszul.
Proof. One only has to prove that the algebra gr F A or the module gr F M is quadratic. Proceed by induction on n 4 showing the map q gr
F M is an isomorphism in degree n. For this purpose, consider the component of internal degree n of the initial fragment of the bar-complex
Then apply the second assertion of Lemma 1.1 in order to conclude that the associated quotient complex with respect to the Γ n -valued filtration has zero cohomology at the middle term (cf. [7, Theorem 7.1 from Chapter 4]). The Koszulity assumption together with the induction assumption guarantee that the associated graded complex has no cohomology at the second term, the assumption of generation in degree 1 tells that it has no cohomology at the fourth term, and the quadraticity assumption means that the filtered complex has no cohomology at the middle term.
1.5. Inverse lexicographical ordering. In this paper we will use graded ordered semigroups Γ of the following special form. As a graded semigroup, Γ is isomorphic to the free commutative semigroup generated by the set Γ 1 . So elements of Γ n are the commutative monomials α
, where α 1 < · · · < α m are elements of Γ 1 and n 1 + · · · + n m = n. The order on Γ n is the inverse lexicographical order : α
We will be interested in Γ-valued filtrations F on graded algebras A such that the associated quotient spaces gr F α A 1 are one-dimensional for all α ∈ Γ 1 . Abusing terminology, we will speak of Γ 1 -indexed bases {x α } of A 1 , presuming that x α ∈ F α A 1 has a nonzero image, which will be also denoted by x α , in gr F α A 1 . So the basis {x α } in A 1 will be only defined up to an upper-triangular linear transformation. Similarly, we will consider Γ-valued filtrations F on graded modules M such that the associated quotient spaces gr F α M 1 are no more than one-dimensional for all α ∈ Γ 1 . 1.6. Koszulity of algebras. All our graded algebras A will be generated by A 1 , and either commutative (when char k = 2) or supercommutative (with respect to the parity associated with the grading). Here a graded algebra A is called supercommutative if the identity a 2 = 0 for all a ∈ A n with odd n holds in A, together with the identity ab = (−1) nm ba for a ∈ A n and b ∈ A m . Notice that any supercommutative algebra over a field k of characteristic 2 is commutative, but not the other way. When char k = 2, all our graded algebras will be supercommutative.
We will also assume the graded algebra gr F A to be generated in degree 1. Once a Γ 1 -indexed filtration of A 1 is fixed, this condition defines a unique extension of this filtration to a Γ-valued filtration of A. Given a graded algebra A as above with a Γ-valued filtration F satisfying this condition together with the conditions of 1.5, the associated quotient algebra gr F A is a commutative or supercommutative monomial algebra. In other words, it is the quotient algebra of the free commutative or supercommutative algebra generated by the elements x α of degree 1 by an ideal generated by a set of monomials in x α . This is easy to see; actually, no other relations can be compatible with the Γ-grading of gr F A. The quadratic part q gr F A of a (super)commutative monomial algebra gr F A is always Koszul. Indeed, when the set of generators {x α } is finite, this is the statement of [7, Theorem 8.1 of Chapter 4], and the general case follows by passing to the inductive limit of subalgebras generated by finite subsets of {x α }. By Theorem 1.4(1), if A is quadratic and gr F A has no relations of degree 3, then gr F A is quadratic. By the result of 1.3, if gr F A is quadratic, then A is Koszul. When gr F A is quadratic, the basis in A formed by those monomials in x α that survive in gr F A is called a commutative PBW-basis of A.
1.7.
Koszulity of ideals of relations. Let B be a Koszul algebra and J ⊂ B be a two-sided ideal concentrated in the degrees n 2. Set A = B/J. Then J is a Koszul left B-module (in the appropriately shifted grading) if and only if
In this case, by [8, Corollary 6.2(c)], the algebra A itself is Koszul. Now let Λ be the exterior (free supercommutative) algebra over a field k generated by a set of elements x α of degree 1 and A = Λ/J be the quotient algebra of Λ by an ideal of monomials of degree n 2 in x α . Let T denote the set of all quadratic monomials x α x β that are nonzero in A; consider T as the set of edges of an (infinite) graph with the set of vertices {x α }.
Proposition. Assume that A n = 0 for n 3. Then (1) the monomial algebra A is Koszul if and only if the graph T contains no triangles; (2) the Λ-module A + is Koszul if and only if the graph T contains no cycles of any (finite) length.
Proof. Part (1): it is clear that A is quadratic if and only if T does not contains triangules. Since A is supercommutative monomial, it is Koszul whenever it is quadratic (see 1.6 and [7, Theorem 8.1 of Chapter 4]). Part (2), "if": it suffices to consider the case when the set {x α } is finite, since then one can pass to the inductive limit of the similar modules over finitely generated subalgebras of Λ. In the finitely generated case, proceed by induction in the number of vertices. Choose a vertex x α with a single edge x α x β coming out of it. The k-vector subspace spanned by x α and x α x β is a Λ-submodule in A + which is easily seen to be Koszul. Set (x α ) = Λx α . The quotient module A + / x α , x α x β is a Koszul module over Λ/(x α ) by the induction assumption, hence a Koszul module over Λ, too.
Part (2), "only if": let Γ be the free commutative semigroup generated by the set of indices {α}; then Λ and A + are Γ-graded. Considering subcomplexes of the barcomplex consisting of all the Γ-grading components corresponding to a subsemigroup of Γ spanned by a subset of {α}, one can see that the Λ-module A + corresponding to a graph T is Koszul if and only if the same is true for any full subgraph of T (i. e., any subgraph consisting of all T -edges between a given subset of vertices). So it suffices to consider the case when T is a finite polygon with n vertices and n edges. In this case, the homology exact sequence related to the short exact sequence of Λ-modules
1.8. Koszulity of annihilator ideals. Let A be a commutative or supercommutative Koszul algebra and c ∈ A 1 be a nonzero element. Then the annihilator ideal Ann(c) = {a ∈ A | ac = 0} ⊂ A is a Koszul A-module if and only if the ideal (c) = Ac ⊂ A is a Koszul A-module.
Assume that there exists a commutative PBW-basis in A corresponding to a wellordered set of generators {x α } ∈ A 1 such that the minimal element of this set is x 0 = c. Then the ideal (c) is a Koszul A-module. This is true due to our particular choice of the inverse lexicographical ordering of monomials in x α .
Indeed, let the Γ-valued filtration F on (c) ⊂ A be induced from the Γ-valued filtration F on A. Then the ideal gr F (c) ⊂ gr F A is generated by the class of the element c. This is an ideal in a (super)commutative quadratic monomial algebra generated by a subset of the algebra generators. All such ideals are Koszul. Indeed, for a finitely generated monomial algebra, this is shown in [7, proof of Theorem 8.1 of Chapter 4], and the general case follows by passing to the inductive limit of ideals in finitely generated monomial algebras.
Preliminaries on Number Fields
First of all let us recall that for any field K and a prime number l the multiplication in K M (K)/l is supercommutative when l is odd or K contains a square root of −1, and commutative when l = 2. More precisely, one has {x, 
Finite and archimedean fields. For a finite field
is the polynomial ring with one generator of degree 1 corresponding to the class of the element −1 ∈ K * .
2.2. Discrete valuation fields. Let K be a Henselian discrete valuation field and k be its residue field. Let l = char k be a prime number. Then the Z/l-algebra K M (K)/l is generated by the Z/l-algebra K M (k)/l and an element {π} ∈ K M 1 (K)/l, corresponding to any uniformizing element π ∈ K, subject to the relations of supercommutativity of {π} with K M (k)/l and {π, π} = {−1, π} [1, Proposition I.4.3]. The absolute Galois group G K is an extension of the semidirect product of G k with the group Z l , where G k acts by the cyclotomic character, by a group of order prime to l. This allows to obtain a similar description of the algebra n H n (G K , µ ⊗n l ) in terms of the algebra n H n (G k , µ ⊗n l ). 2.3. Nonarchimedean local fields. Let K be a finite extension of Q p or F p ((z)) and l = char K be a prime number. The computation of K
Corollary on page 268] is provided by the local class field theory.
When K does not contain a primitive l-root of unity, one has K M n (K)/l = 0 for n 2. When K contains a primitive l-root of unity, one has K M n (K)/l = 0 for n 3, and K M 2 (K)/l ≃ µ l . In the latter case, the multiplication map K (K)/l is finite-dimensional. Except when K is a finite extension of Q l , its dimension is equal to 2 when K contains a primitive l-root of unity, and 1 otherwise. When K is a finite extension of Q l , the dimension is 3 when K contains a primitive l-root of unity, and 2 otherwise.
When l is odd and K contains a primitive l-root of unity, or l = 2 and K contains a square root of −1, K M 1 (K)/l is a symplectic vector space with respect to the multiplication pairing. In other words, the multiplication pairing is skew-symmetric, i. e., {x, x} = 0 for all x ∈ K M 1 (K)/l. In particular, the dimension of K M 1 (K)/l is even.
When l = 2 and K does not contain a square root of −1, it follows from nondegeneracy and the relation {x, x} = {−1, x} that dim K M 1 (K)/l is even when {−1, −1} = 0 and odd when {−1, −1} = 0. In both cases, the isomorphism class of the (nonskewsymmetric) pairing form is determined by dim K M 1 (K)/l. Except when K is a finite extension of Q l , the product {x, y} of the classes of two elements x, y ∈ K * with the logarithmic valuations v(x) = 0 = v(y) is always zero in K M 2 (K)/l, and the product of the classes of two elements x ∈ K * \ K * l and y ∈ K * with v(x) = 0 and v(y) not divisible by l is always nonzero in K
Global fields with root of unity. For any field K and a prime number l = char K, the group H 2 (G K , µ l ) is isomorphic to the subgroup l Br K of the Brauer group Br K consisting of all elements annihilated by l.
For any finite extension K of Q or F q (z) and a prime number l = char K the natural map K
Assuming that K contains a primitive l-root of unity and combining this isomorphism with the computation of Br K provided by the global class field theory, we see that there is a natural short exact sequence
Here the direct sum in the second term is over all valuations v of K, and the direct sum in the third term is taken over all the valuations v ′ not including the complex valuations if l = 2, or not including the archimedean valuations if l is odd. The rightmost map is the simple summation over v ′ . The assertion that the composition of the two maps vanishes is one of the formulations of the reciprocity law.
Given two elements x and y in K
v , etc., we will denote by {x, y} v their product in K M 2 (K v )/l, and identify the latter group with µ l (assuming that we are not in the case when K M 2 (K v )/l = 0). So the reciprocity law takes the form v {x, y} v = 0 for any x, y ∈ K * . For any n 3 and any global field K, the natural map
and the latter in terms of H n (G Kv , K * v ) and the cohomology of the classes of idèles. 2.5. Exceptional set of valuations. Let K be a finite extension of Q or F q (z) containing a primitive l-root of unity. Let S be a finite set of valuations of K containing all the archimedean valuations and all the valuations lying over l, and generating the class group of the field K. Denote by W S the Z/l-vector space
and let K S ⊂ K * denote the subgroup of all elements b having the logarithmic valuation p(b) = 0 (in other words, b is integral and integrally invertible in K p ) for all valuations p / ∈ S.
Proof. This is [3, Lemma VII.9.2 and Remark VII.9.3].
Define a µ l -valued bilinear form on W S as the orthogonal sum of the bilinear forms
Lemma 2. The subspace K S /l ⊂ W S coincides with its own orthogonal complement with respect to the pairing form (−, −) S .
Proof. The pairing form on W S is symmetric or skew-symmetric and nondegenerate, since the pairings on K * v /K * l v are. By the reciprocity law, one has (K S /l, K S /l) = 0. It remains to check that dim W S = 2 dim K S /l. We will show that dim K S /l = #S and dim W S = 2#S, where #S is the number of elements in S.
Indeed, by Dirichlet's unit theorem the group K S is the direct sum of a free abelian group of rank #S − 1 and the finite cyclic group of roots of unity in K, whose order is divisible by l by assumption. This computes dim K S /l.
To compute dim W S , consider two cases separately. When K is a finite extension of F q (z), one has dim K * v /K * l v = 2 for all v ∈ S. When K is a finite extension of Q, one has
• dim K * v /K * l v = 2 for all nonarchimedean v ∈ S not lying over l; The following lemma can be thought of as a kind of "approximation theorem for idèles modulo l". Lemma 3. Let w be an element of W S and D be a divisor of K supported outside of S, i. e., a formal linear combination of valuations of K, not belonging to S, with integral coefficients. The pairing with w defines a µ l -valued linear function on K S /l, and another such function is provided by the linear combination of Frobenius elements in Gal(K[
Suppose that these two linear functions coincide. Then there exists an element a ∈ K * whose image in W S is equal to w and whose divisor outside S is equal to D. Furthermore, the element a is unique modulo K l S . Proof. Since S generates the class group of K, one can find an element b ∈ K * whose divisor outside of S is equal to D. Let us denote the image of b in W S also by b. By the reciprocity law, the element w/b ∈ W S is orthogonal to K S /l, hence by Lemma 2 it belongs to K S /l. Lift it to an element c ∈ K S and set a = bc. The uniqueness follows immediately from Lemma 1.
Symplectic case.
The following lemma is useful in the case of a global field K which contains a primitive l-root of unity when l is odd, or contains a square root of −1 when l = 2. Recall that the pairing (−, −) S is skew-symmetric in this case.
Lemma. Suppose that a (finite-dimensional) simplectic vector space W over a field k is decomposed into an orthogonal direct sum of symplectic vector spaces W v . Let L be a Lagrangian subspace in W . Then there exist Lagrangian subspaces M v in W v such that the direct sum of M v is complementary to L in W .
Proof. It suffices to consider the case when all W v are two-dimensional (otherwise decompose every one of them into an orthogonal direct sum of two-dimensional symplectic vector spaces). Order the set of indices {v} and proceed by induction, choosing
2.7. Global fields without root of unity. Let K be a finite extension of Q or F q (z) that does not contain a primitive l-root of unity. Notice that l is necessarily odd in this case, so K M (K)/l is supercommutative and K
. The degree [L : K] of this field extension divides l − 1 and is prime to l. Passing to Gal(L/K)-invariants in the description of K 
Lemma. For any element w ′ ∈ W ′ S ′ there exist infinitely many valuations p of K outside S ′ for which K p does not contain a primitive l-root of unity and there exists an element a p ∈ K * whose image in W 
Hilbert's Theorem 90, and the order of the group Gal(L/K) being prime to l, one can see that
* which differs from a 2 by an element of L * l . The element a 1 belongs to K * , and its image in W ′ S ′ is equal to w ′ , since its image in W S is equal to w. The divisor of a 1 ∈ K * is congruent to D ′ modulo l, since the divisor of a 1 ∈ L * is congruent to D modulo l and the ramification indices in the extension L/K are prime to l. Since S ′ generates the class group of K, one can multiply a 1 with an element of K * l so that the resulting element a ∈ K has the divisor D ′ outside of S ′ ; clearly, the image of a in W 
Since the element h ∈ Gal(M/L) corresponding to w is invariant under Gal(L/K) and the order of the latter group is prime to l, the element h is equal to the transfer of the element
ab . Being an extension of the abelian groups Gal(L/K) and Gal(M/L) of coprime orders, the group Gal(M/K) is their semidirect product. So the group Gal(L/K) can be embedded into Gal(M/K). Choose a nontrivial element f ∈ Gal(L/K) and consider the product
ab is the product of g with the image of f , which we will denote also by f . For the reasons of orders of the elements, or commutation of transfer with the corestriction in group homology, it is clear that tr(f ) = 1 and tr(gf ) = tr(g) = h in Gal(L/K). By Chebotarev's density theorem, there exist infinitely many valuations p of the field K outside of S ′ whose Frobenius elements in Gal(M/K) are adjoint to q. In this case, the Frobenius element of p in Gal(L/K) is nontrivial, so K p does not contain a primitive l-root of unity. Furthermore, let D be the divisor of L outside S equal to the image of p (which is considered as a divisor of K). Then the linear combination of Frobenius elements in Gal(M/L) corresponding to D is equal to the pairing with w in W S as a linear function L S /l −→ µ l . Hence the element a p = a ∈ K * constructed above has the desired properties.
Koszulity for Local Fields
For any field K and a prime number l denote by Λ(K, l) the graded algebra over Z/l generated by Λ 1 (K, l) = K * /K * l with the relations {x, −x} = 0 for x ∈ K * . The algebra Λ(K, l) is always Koszul.
Indeed, when l is odd or K contains a square root of −1, this algebra is simply the exterior algebra generated by K * /K * l . Otherwise, choose any well-ordered basis {x α } of the Z/l-vector space K * /K * l such that the first basis vector is x 0 = {−1}, and consider the related Γ-valued filtration F of Λ(K, l) (see 1.5-1.6). Then the algebra gr F Λ(K, l) is isomorphic to the tensor product of the symmetric algebra with one generator {−1} and the exterior algebra generated by Λ 1 (K, l)/ {−1} .
There is a natural morphism of graded Z/l-algebras Λ(K, l) −→ K M (K)/l. Let J K denote its kernel; it is the ideal generated by the Steinberg symbols.
Theorem 1.
(1) Let K be an algebraic extension of R, Q p , or F p ((z)), and l be a prime number. Then the ideal J K ⊂ Λ(K, l) is a Koszul Λ(K, l)-module (in the appropriately shifted grading). In particular, the algebra K M (K)/l is Koszul. (2) Let K be a Henselian discrete valuation field with the residue field k and l = char k be a prime number. Then the algebra
Proof. Part (1): the cases K ⊃ R or l = char K are trivial in view of 2.1 and 2.0, respectively. Indeed, in the former case one has J K = 0, and in the latter case one can use the fact that the left A-module A 2 = A 2 ⊕ A 3 ⊕ · · · is Koszul for any Koszul algebra A. Passing to the inductive limit, one reduces the problem to the case when K is a finite extension of Q p or F p ((z)) (and l = char K).
The case when K does not contain a primitive l-root of unity is similar to the above; see 2.3. When l is odd and K contains a primitive l-root of unity, or l = 2 and K contains a square roof of −1, one can choose any ordered basis of K * /K * l ; the 13 corresponding supercommutative monomial algebra gr F K M (K)/l obviously satisfies the condition of Proposition 1.7(2), since the graph T contains only one edge.
When l = 2, the class of −1 is nontrivial in K 2. This time, the increasing filtrations on graded algebras that we need to use are indexed by the conventional integers. Set
is the supertensor product of K M (k)/l and the exterior algebra with one generator {π} in degree 1, hence it is Koszul provided that
To prove the second assertion, define also a compatible increasing filtration F on Λ(K, l) by the rule F 0 Λ(K, l) = Λ(k, l) and F 1 Λ(K, l) = Λ(K, l). Then the graded algebra gr F Λ(K, l) is the supertensor product of Λ(k, l) and the exterior algebra with one generator {π}, so it remains to apply the module part of the same Corollary from [7] (or more precisely, its straightforward generalization to the infinitedimensional setting).
Theorem 2.
(1) Let K be an algebraic extension of R, Q p , or F p ((z)), and l be a prime number. Let c be an element of K
Let K be a Henselian discrete valuation field with the residue field k and l = char k be a prime number. Assume that the graded algebra K M (k)/l is Koszul and for any element c ∈ K
Then the graded algebra K M (K)/l has the same properties.
where the ordering between a q and between a r is arbitrary. Then the set of surviving quadratic monomials T will consist of all the monomials b 0 a p i and b 0 a q , some of the monomials b 0 b i or a p i b i (exactly one monomial of one of these forms for every nonarchimedean valuation v(i) = v(0) in S), and some of the monomials b 0 a r , a p i a r , or a q a r (exactly one monomial of one of these forms for every valuation r).
Remark. One may wish to extend the above result to the global fields not necessarily containing a square root of −1 when l = 2 in the way suggested by Theorem 3.1.
There is the following obstacle, however. If one tries to argue as in the proof of Theorem 3.1, one has to find a well-ordered basis of K * /K * 2 that defines a PBWbasis for both algebras Λ(K, 2) and K M (K)/2. But constructing a PBW-basis for Λ(K, 2) requires putting the element −1 near the bottom of the Γ 1 -valued filtration on K * /K * 2 , while constructing a PBW-basis for K M (K)/2 requires putting all elements of K * /K * 2 that are negative at some real valuations near the top of that filtration (cf. the construction in Section 5).
Algebra Koszulity in General Case
Let l be a prime number, and K be an algebraic extension of Q or F q (z) containing a primitive l-root of unity.
Theorem. The graded algebra K M (K)/l is Koszul.
Proof. As above, one can assume that K is a finite extension of Q or F q (z). The case when l is odd follows from the result of Section 4 and [8, Corollary 6.2(c)], so we will implicitly assume that l = 2 (though this is not necessary). Choose a set of exceptional valuations S for the field K satisfying a slightly stronger condition than in 2.5: namely, let it be additionally required that the nonarchimedean valuations in S generate the extended class group of K (i. e., the class group defined taking into account the signs of elements of K * at the real valuations). Let K By the same lemma, there exists an element a qu ∈ K * whose divisor outside S is equal to q u and whose image in W S is equal to w u . By the definition, the elements a p and a qu belong to K + , and one has {a p , a p } = 0 in K M 2 (K)/l. For each valuation r of the field K outside of S, p, and q u , choose an element a r ∈ K + whose divisor outside of S is equal to r. where the order within each group can be arbitrary. Consider the related Γ-valued filtration F on K M (K)/l and the associated quotient algebra gr F K M (K)/l. The set of surviving quadratic monomials T consists of all the monomials a p a qu and a p a r ′ , some monomials of the form a qu k j (exactly one such monomial for every u), some monomials of the forms a qu a r ′′ , k j a r ′′ , or a r ′ a r ′′ (exactly one monomial of one of these forms for every r ′′ ), and all the monomials a
